Abstract. Let Qm be the HNN extension of Z/m×Z/m where the stable letter conjugates the first factor to the second. We explore small presentations of the groups Γm,n = Qm * Qn. We show that for certain choices of (m, n), for example (2, 3), the group Γm,n has a relation gap unless it admits a presentation with at most 3 defining relations, and we establish restrictions on the possible form of such a presentation. We then associate to each (m, n) a 3-complex with 16 cells. This 3-complex is a counterexample to the D(2) conjecture if Γm,n has a relation gap.
Introduction
Given a finite presentation F/R for a group Γ, the action of the free group F by conjugation on R induces an action of Γ on the abelian group R ab = R/[R, R]. It is obvious that the rank of R ab as a ZΓ-module is at most the number of elements needed to generate R as a normal subgroup of F ; it therefore serves as a lower bound on the minimal number of relators needed to present Γ on the given generators. This lower bound seems extremely crude: one can hardly believe that it will be sharp in general. And yet, despite sustained attack over many years, not a single example has emerged to lend substance to this intuition.
A finite presentation F/R whose relation module R ab has rank strictly smaller than the number of elements required to generated R as a normal subgroup of F is said to have a relation gap; the relation gap problem is to determine whether or not there exists a presentation with a relation gap. It belongs to a circle of famous and notoriously hard problems concerning the homotopy properties of finite 2-complexes. For example, it is closely related to the D(2) conjecture.
In [12] , C. T. C. Wall established that homological invariants are sufficient to determine whether a CW complex has the homotopy type of an n-dimensional CW complex, except possibly when n = 2. Recall that a space X has property D(n) if H i ( X) = 0 for i > n, where X is the universal cover of X, and if in addition H n+1 (X; M ) = 0 for all local coefficient systems M on X. Wall's result is that if n = 2, then a (finite) CW complex has the homotopy type of a (finite) n-complex if and only if it has property D(n). The assertion that a finite 3-complex has the homotopy type of a finite 2-complex if and only if it has property D(2) has become known as the D(2) conjecture. A theorem of M. Dyer (unpublished; a proof can be found in [3] ) states that if a group Γ with H 3 (Γ; ZΓ) = 0 has a presentation with a relation gap that realizes the deficiency of the group (see § 2 for a discussion of deficiency), then the D(2) conjecture is false.
The purpose of this note is to propose a new collection of candidates for presentations with relation gaps. The prime merit of these examples is that one can give a short, transparent and natural proof that the relation modules of the obvious presentations can be generated by one fewer element than one would expect. (Using similar ideas one can create many other examples, but we have resisted the temptation to present these because we do not want to obscure the main idea: the straightforwardness of our examples is what we find most attractive about them.)
Let Q m be the HNN extension of Z/m × Z/m where the stable letter conjugates the first factor to the second. The obvious presentation of Q m * Q n has four generators and four relations, but we shall see that if m and n satisfy a coprimeness condition then the relation module associated to this presentation requires only three generators. The argument extends easily to arbitrarily many free factors Q m1 * · · · * Q mr , yielding presentations where the expected relation gap is r − 1. Using a result of J. Howie [7] on one-relator products of locally indicable groups, we obtain restrictions on putative 3-relator presentations of Q m * Q n (Proposition 3.6), but as yet we have been unable to prove that such presentations do not exist. The difficulty of doing so is discussed in § 5.
In § 4 we pursue the line of attack on the D(2) conjecture via relation gaps discussed above. We follow Harlander's construction to give an explicit description of a 3-complex with only 16 cells that looks homologically like a 2-complex, in the sense that it possesses Wall's property D(2), but that does not have the homotopy type of a 2-complex if Q m * Q n has a relation gap.
Groups similar to Q m * Q n have been studied previously for their interesting presentation theory. For example, the groups used in [6] to show that deficiency is not additive under the operation of free product were of the form (Z/m × Z/m ′ ) * (Z/n×Z/n ′ ). The groups G m,n = (Z/m×Z) * (Z/n×Z) were studied in connection with efficiency by D. Epstein [1] , and have come to the fore again recently in the work of K. Gruenberg and P. Linnell [2] . This last work, which is more sophisticated than ours, focuses on the presentation theory of free products of finite groups, but also contains a proof that the relation module associated to the obvious 4-generator, 4-relation presentation of G m,n requires only three generators.
Deficiency and abelianized deficiency
In this section, we assemble some basic definitions and well-known results for later reference. We write d(Γ) for the minimum number of elements needed to generate a group Γ. If Q is a group acting on Γ then we write d Q (Γ) for the minimum number of Q-orbits needed to generate Γ.
Let Γ be a finitely presented group. The deficiency of a finite presentation The action of F on R induces by passage to the quotient an action of Γ on the abelianization R ab of R, which makes R ab into a ZΓ-module, called the relation module of the presentation. The abelianized deficiency of the presentation is d Γ (R ab ) − d(F ); this invariant was first studied by K. Gruenberg, under the name of abelianized defect.
Lemma 2.1. If F is free of rank d, then there is an exact sequence of ZΓ-modules
Proof. We identify F with the fundamental group of a graph X that has one vertex and d edges. The regular coveringX of X corresponding to the subgroup R ⊂ F is the Cayley graph of Γ. The exact sequence in the statement of the lemma is obtained from the cellular chain complex of this covering by inserting the first homology group H 1 (X) = R ab on the left as the kernel of the first boundary map.
Lemma 2.2. The deficiency of any finite presentation of Γ is bounded below the abelianized deficiency, and this in turn is bounded below by
where rk is torsion-free rank.
Proof. The first part is clear. For the second, let C * be the complex given by Lemma 2.1: this is a partial resolution of Z by free ZΓ-modules. Apply the functor −⊗ ZΓ Z to C * . If C i has rank r i , then the resulting complex has a free abelian group of the same rank r i in degree i; moreover, the homology groups of the new complex are H i (Γ) in degrees i = 0, 1, and ker ∂ 2 in degree 2. Since H 2 (Γ) is a quotient of this kernel, one has d(H 2 (Γ)) ≤ rk(ker ∂ 2 ) ≤ r 2 , and the result follows.
Therefore we can define:
The deficiency def(Γ) (resp. abelianized deficiency adef(Γ)) of Γ is the infimum of the deficiencies (resp. abelianized deficiencies) of the finite presentations of Γ.
Remark 2.4. Obviously, if Γ has a presentation of deficiency d(H 2 (Γ))−rk(H 1 (Γ)), then by Lemma 2.2 this presentation realizes the deficiency of the group. In this case, Γ is said to be efficient. One knows that inefficient groups exist: R. Swan constructed finite examples in [11] , and much later M. Lustig [10] produced the first torsion-free examples. Further examples are given by superperfect groups that are not fundamental groups of homology 4-spheres (see [4] and [5] ).
The examples
Given letters x and t, let ρ n = ρ n (x, t) be the word
We will consider the groups Q n = x, t ρ n , x n .
Lemma 3.1. Q n is isomorphic to the HNN extension
where φ maps the first factor isomorphically to the second.
Proof. We apply Tietze moves to the given presentation of Q n , first adding a superfluous generator, and then adding a redundant relator:
3.1. Generators for the relation module. Let q n = (n + 1) n − 1 and c n = n q n .
Lemma 3.2. In x, t ρ n , one has the equality [(txt
Proof. Conjugating x by txt −1 in our group n times, we have
Raising this to the power n gives
Proposition 3.3. Suppose that (q m , q n ) = 1, and let Proof. Let S denote the quotient of R ab by the ZΓ-submodule generated by ρ m and ρ n , and let π : R → S be the obvious surjection. It is clear that S is generated as a ZΓ-module by the images of x m m and x n n ; it will be sufficient for us to show that in fact S is a cyclic ZΓ-module, generated by the image of x 2. An observation on putative 3-relator presentations. Although it certainly does not approach a proof that our groups have relation gaps, the result of this subsection restricts the nature of possible presentations.
Recall that a group is locally indicable if each of its non-trivial finitely-generated subgroups has the infinite cyclic group as a homomorphic image. We will apply a result about these groups due to J. Howie. We call such a group G a 1-relator product of A and B.
Proposition 3.6. In the notation of Proposition 3.3, the group Γ m,n does not admit a presentation of the form
for any word r ∈ {x m , t m , x n , t n } * .
Proof. Consider L = A * B, where A = x m , t m ρ m and B = x n , t n ρ n . This is a free product of torsion-free one-relator groups (in particular, of locally indicable groups). Suppose for a contradiction that Γ m,n is a 1-relator quotient of L by r. Since Γ m,n has torsion, Theorem 3.5 implies that either r is conjugate in L to an element of A or B, or else r = r p 0 for some r 0 ∈ L, not itself a proper power. In the second case, the image of r 0 in Γ m,n (which we also denote by r 0 ) is a torsion element, and so is conjugate in Γ m,n to a power of x m or x n : for the sake of argument, let us say to x α m . Consider M , the 1-relator quotient of L by r 0 . The quotient map L → M factors through Γ m,n , so M is isomorphic to Γ m,n quotiented by the single additional relator r 0 . Since r 0 is conjugate in Γ m,n to x α m , it follows that M is also isomorphic to Γ m,n quotiented by the relator x α m . But it is easy to see that in this last group, the image of x n is still a torsion element. Thus condition c) of Theorem 3.5 holds for M , but condition b) fails, so we conclude that the hypothesis of the theorem cannot be satisfied: in other words, r 0 must be conjugate in L to an element of A or B.
In either case, after conjugating r if necessary, we can assume that r is contained in one of the factors, A or B: let's say in A. But this means that Γ m,n splits as a free product Γ m,n = x m , t m ρ m , r * x n , t n ρ n , which is absurd since x n has order n in Γ m,n .
A proposed counterexample to the D(2) conjecture
In this section we associate to each of our groups Γ m,n a finite 3-complex with only 16 cells. If Γ m,n has a relation gap, the corresponding 3-complex will be a counterexample to the D(2) conjecture. A proof of this theorem, including a construction of a counterexample to the D(2) conjecture under the given hypotheses, has been given by Jens Harlander in his fine survey article [3] . In this section we follow Harlander's construction for our groups Γ m,n .
Let K be the presentation 2-complex associated to our original presentation of Γ = Γ m,n , Γ = x m , t m , x n , t n ρ m (x m , t m ), ρ n (x n , t n ), x m m , x n n . By Proposition 3.3, the relation module R ab associated to this presentation can be generated as a ZΓ-module by three elements, and so there is an exact sequence
On the other hand, the cellular chain complex of the universal cover of K is a complex of ZΓ-modules 0 → (ZΓ)
− → ZΓ → Z with zero first homology, so that im ∂ 2 = ker ∂ 1 , which is exactly the relation module R ab (cf. Lemma 2.1); moreover, ker ∂ 2 is isomorphic to π 2 (K). Therefore we have an exact sequence
Applying Schanuel's lemma to the sequences ( * ) and ( †), we deduce that
Now let L be the 2-complex obtained by taking a 1-point union of K with 3 copies of S 2 . Evidently π 1 (L) is again isomorphic to Γ, and π 2 (L) = π 2 (K)⊕ (ZΓ) 3 , which we have seen is isomorphic to N ⊕ (ZΓ) 4 . Attach four 3-cells to L to fill the four (Γ-orbits of) 2-spheres on the right-hand side of this direct sum, and call the resulting 3-complex M . (The attaching maps of these 3-cells can be described explicitly by tracing through the above algebra.) For alternative approaches to the D(2) conjecture, see [8] .
Concerning lowers bounds on deficiency
The nub of both the relation gap problem's difficulty and its attraction is that at present we seem to have no computable invariants that give lower bounds on d F (R) without giving an identical bound on the number of generators that the relation module requires. There is one sometimes-computable invariant in the literature that at first sight inspires hope in regard to the relation gap problem, namely the deficiency test developed by Martin Lustig in his work on higher Fox ideals [9] . However, in this section we explain why this method cannot help one to establish relation gaps. We are grateful to Ian Leary for helpful comments about this.
Let Γ be a group of type FP 2 . Given a free resolution (C * , ∂) of Z over ZΓ, finitely generated in degrees ≤ 2, one defines the second directed Euler characteristic of C * to be χ 2 (C * ) = rk(C 0 ) − rk(C 1 ) + rk(C 2 ), and one defines χ 2 (Γ) by taking the infimum over all such resolutions.
Lustig's deficiency test concerns representations of ZΓ into non-zero unital rings Λ in which left and right inverses coincide.
Let K be the standard 2-complex of a finite presentation P for Γ, let M be a ZΓ-module with π 2 (K) ⊂ M ⊂ C 2 (K), and identify C 2 (K) with the free ZΓ-module on the relators r j of P (which index the ZΓ-orbits of 2-cells inK). Fix a finite generating set {a i } for M and express each generator in terms of the basis of C 2 (K), say a i = j a ij r j . Lustig proves that if there is a unital homomorphism ρ : ZΓ → Λ such that ρ(a ij ) = 0 for all i and j, then P realizes the deficiency of Γ. Proof. What Lustig actually proves is that χ 2 (Γ) = def(P). By definition, χ 2 (Γ) is no greater than the directed Euler characteristic of the resolution in Lemma 2.1, which is the abelianized deficiency of P. But Lemma 2.2 states that adef(P) ≤ def(P). Therefore adef(P) = def(P).
